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Abstract
A proper vertex coloring of a graph G is equitable if the size of color classes differ by at most one. The equitable
chromatic number of G is the smallest integer m such that G is equitable m-colorable. In this paper, we derive an
upper bound for the equitable chromatic number of complete n-partite graph Kp1;p2;:::;pn.
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1 Introduction and Preliminaries
In this note, all graphs are simple and undirected. Let G be a graph with vertex set V(G), edge set E(G) and
maximum degree ∆(G).
A proper m-coloring of a graph G is a labeling f :V(G) → {1;2;;m} such that adjacent vertices have different labels.
The labels are colors; the vertices of one color form a color class. The chromatic number of a graph G, written as
χ(G), is the least m such that G has a proper m-coloring. Graph G is said to be equitable m-colorable, if V(G) is
partitioned into independent sets V1;:::;Vm such that for any i ̸= j, ||Vi|−|Vj|| ≤ 1. The equitable chromatic number
of G, denoted by χe(G), is deﬁned as the smallest m such that G is equitable m-colorable.
hajnal and sezemer´ edi [6] proved that χe(G) ≤ ∆(G)+1 for any graph G. W. Meyer [12] conjectured that χe(G) ≤
∆(G) if a connected graph G is neither a complete graph nor an odd cycle. This conjecture has been proved for a
few special cases such as trees [3], bipartite graphs [11], outerplanar graphs [14] and graphs G having either ∆(G) ≥
1
2|V(G)| or ∆(G) ≤ 3 [4]. Kostochka et al. [9] introduced the list analogue of equitable coloring by proving the
following fact. If G is a graph and m ≥ max{∆(G);v(G)=2}, then G is equitably m-choosable unless G contains Km+1
or is K2m+1;2m+1. Zhang and Yap [15] proved that every planar graph G with ∆(G) ≥ 13 is equitable ∆(G)-colorable.
In this note, we derive an upper bounded for the equitable chromatic number of complete n-partite graphs (n ≥ 2). We
shall use [x] and ⌈x⌉ to denote the largest integer ≤ x and the smallest integer ≥ x, respectively.
2 main results
Lam et al. [17] proved the following theorem for complete n-partite graphs Kp1;p2;:::;pn.
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Theorem 2.1. Let Kp1;p2;:::;p2 be a complete n-partite graph. If M is the largest integer such that
pi(mode m) < ⌈
pi
M
⌉; (i = 1;:::;n)
then
χe(Kp1;p2;:::;pn) =
n
∑
i=1
⌈
pi
M+1
⌉;
where χe(G) is the equitable chromatic number of graph G.
Now using this theorem, we prove the following theorems.
Theorem 2.2. Let Kp1;p2;:::;pn (p1 ≤ p2 ≤ ::: ≤ pn pn ̸= 1) be a complete n-partite graph with n > 1, then
χe(Kp1;p2;:::;pn) ≤ ∆(Kp1;p2;:::;pn):
Proof. We consider two cases.
Case 1: p1 = p2::: = pn:
Clearly χe(Kp1;p2;:::;pn) = n. Since Kp1;p2;:::;pn is a n-partite complete graph with equal partites, we have
∆(Kp1;p2;:::;pn) =
n
∑
i=2
pi = (n−1)pn ≥ 2(n−1) ≥ n:
Thus, χe(Kp1;p2;:::;pn) ≤ ∆(Kp1;:::;pn):
Case 2: p1 < pn.
Clearly M ≥ 1. We have
χe(Kp1;p2;:::;pn) = ∑
n
i=1⌈
pi
M+1⌉ ≤ ∑
n
i=1⌈
pi
2 ⌉ = ⌈
p1
2 ⌉+:::+⌈
pn
2 ⌉
≤ ∑
n−1
i=2 pi+⌈
p1
2 ⌉+⌈
pn
2 ⌉:
We claim that
⌈
p1
2
⌉+⌈
pn
2
⌉ ≤ pn:
It is obviously that
⌈
p1
2
⌉+⌈
pn
2
⌉ ≤ ⌈
pn−1
2
⌉+⌈
pn
2
⌉:
If pn is even, then
⌈
pn−1
2
⌉+⌈
pn
2
⌉ =
pn
2
+
pn
2
= pn ≤ pn:
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If pn is odd, then
⌈
pn−1
2
⌉+⌈
pn
2
⌉ =
pn−1
2
+
pn+1
2
= pn ≤ pn:
Therefore, χe(Kp1;p2;:::;pn) ≤ ∆(Kp1;p2;:::;pn):
Theorem 2.3. Let Kp1;p2;:::;pn (p1 ≤ p2 ≤ ::: ≤ pn pn ̸= 1) be a complete n-partite graph with n > 1 and n =
2m (m is a positive integer). Assume that
A = {a1;:::;am}; ai = pi; i = 1;:::;m;
B = {b1;:::;bm}; bi = pm+i; i = 1;:::;m:
Suppose that l is the number of a
;
is such that ai = bi and ai is odd. Then
χe(Kp1;p2;:::;pn) ≤ (
m
∑
i=1
bi)+l: (2.1)
Proof. It follows from M ≥ 1 that
χe(Kp1;p2;:::;pn) =
n
∑
i=1
⌈
pi
M+1
⌉ ≤
n
∑
i=1
⌈
pi
2
⌉ ≤
m
∑
i=1
⌈
ai
2
⌉+
m
∑
i=1
⌈
bi
2
⌉:
We shall consider three cases.
Case 1: If ak ̸= bk, 1 ≤ k ≤ m, then
⌈
ak
2
⌉+⌈
bk
2
⌉ ≤ ⌈
bk −1
2
⌉+⌈
bk
2
⌉ ≤ bk:
Case 2: If ak = bk = 2s, 1 ≤ k ≤ m (s is a positive integer), then
⌈
ak
2
⌉+⌈
bk
2
⌉ = 2⌈
bk
2
⌉ = bk:
Case 3: If ak = bk = 2s+1, 1 ≤ k ≤ m, then
⌈
ak
2
⌉+⌈
bk
2
⌉ = s+1+s+1 = 2s+2 = bk +1:
Now inequality (2.1) easily follows.
By using the same method as in the proof of theorem 2.3 yield the following theorem.
Theorem 2.4. Let Kp1;p2;:::;pn (p1 ≤ p2 ≤ ::: ≤ pn pn ̸= 1) be a complete n-partite graph with n > 1 and n = 2m+1.
Consider the following sets A and B
A = {a1;:::;am}; ai = pi; i = 1;:::;m;
B = {b1;:::;bm;bm+1}; bi = pm+i; i = 1;:::;m;m+1:
Suppose l is the number of a
;
is such that ai = bi and ai is odd. Then
χe(Kp1;p2;:::;pn) ≤ (
m
∑
i=1
bi)+⌈
bm+1
2
⌉+l:
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Lemma 2.1. Let Kp1;p2;:::;pn (p1 ≤ p2 ≤ ::: ≤ pn pn ̸= 1) be a complete n-partite graph (with n > 1) and M be as in
Theorem 2.1. Then
M ≥ 2 if p1 ≥ 2.
Proof. Clearly M ≥ 1. It is enough to prove
for each pi (1 ≤ i ≤ n) pi(mod 2) ≤ ⌈
pi
2 ⌉:
Two cases are considered.
Case 1: If pi = 2, then pi(mod 2) = 0. Thus the proof will be completed by the inequality
pi(mod 2) = 0 < ⌈
pi
2
⌉:
Case 2: If pi > 2, then we have
pi(mod 2) ≤ 1 and ⌈
pi
2
⌉ > 1 hence pi(mod 2) < ⌈
pi
2
⌉:
Theorem 2.5. Let Kp1;p2;:::;pn; p1 ≤ p2 ≤ ::: ≤ pn; be a complete n-partite graph with n > 1 and p1 ≥ 2. Consider
m = [n
3] and put
A = {a1;:::;am}; ai = pi; i = 1;:::;m;
B = {b1;:::;bm}; bi = pm+i; i = 1;:::;m;
C = {c1;:::;cs}; ci = p2m+i; i = 1;:::;s;
where s = m; m+1 or m+2:
Suppose l = l1+l2 where
l1 is the number of c
;
js (1 ≤ j ≤ m), when cj = 3a−1 (a is a positive integer) and aj ≥ 3a−2.
l2 is twice the number c
;
js when cj = aj = bj = 3a−2. Then,
(i)if s = m
χe(Kp1;p2;:::;pn) ≤ (∑
m
i=1ci)+l;
(ii)if s ̸= m;then
χe(Kp1;p2:::;pn) ≤ (∑
m
i=1ci)+∑
s
i=m+1 ⌈
ci
3 ⌉+l:
Proof. By Lemma 2.1, M ≥ 2. It is obvious that aj ≤ bj ≤ cj. Thus
χe(Kp1;p2;:::;pn) = ∑
n
i=1⌈
pi
M+1⌉ ≤ ∑
n
i=1⌈
pi
3 ⌉
= ∑
m
i=1⌈
ai
3 ⌉+∑
m
i=1⌈
bi
3 ⌉+∑
s
i=1⌈
ci
3 ⌉:
Let us consider ﬁve cases.
Case 1: If cj = 3a, then
⌈
aj
3
⌉+⌈
bj
3
⌉+⌈
cj
3
⌉ ≤ ⌈
cj
3
⌉+⌈
cj
3
⌉+⌈
cj
3
⌉ = cj:
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Case 2: If cj = 3a−1, bj is equal 3a−1 or 3a−2 and aj < 3a−2, then
⌈
aj
3
⌉+⌈
bj
3
⌉+⌈
cj
3
⌉ = ⌈
aj
3
⌉+a+a ≤ 3a−1 = cj:
Case 3: If cj = 3a−1 and aj is equal 3a−1 or 3a−2, then
⌈
aj
3
⌉+⌈
bj
3
⌉+⌈
cj
3
⌉ = a+a+a = 3a = cj +1:
Case 4: If cj = 3a−2 and bj < cj, then
⌈
aj
3
⌉+⌈
bj
3
⌉+⌈
cj
3
⌉ ≤ a−1+a−1+a = 3a−2 = cj:
Case 5: If aj = bj = cj = 3a−2, then
⌈
aj
3
⌉+⌈
bj
3
⌉+⌈
cj
3
⌉ = a+a+a = 3a = cj +2:
The proof is easily completed.
Lemma 2.2. Let Kp1;p2;:::;pn; p1 ≤ p2 ≤:::≤ pn; be a complete n-partite graph (with n>1) and M as in the Theorem
2.1. Then,
M ≥ b if p1 ≥ b(b−1).
Proof. It is enough to prove that
for each pi (1 ≤ i ≤ n), we have pi(mod b) ≤ ⌈
pi
b ⌉:
The proof is presented in two cases.
Case 1: If pi = b(b−1), then pi(mod b) = 0. Thus the proof will be completed by the using the following inequality
pi(mod b) = 0 < ⌈
pi
b
⌉:
Case 2: If pi > b(b−1), then we have
pi(mod b) ≤ b−1 and ⌈
pi
b
⌉ > b−1
whence
pi(mod b) < ⌈
pi
b
⌉:
Theorem 2.6. Let Kp1;p2;:::;pn; p1 ≤ p2 ≤:::≤ pn; be a complete n-partite graph (with n>1), p1 ≥b(b−1) for some
positive integer greater than 1 and m = [ n
b+1]. Let the sets A1;:::;Ab+1 be deﬁned as follows.
A1 = {a11;:::;a1m}; a1i = pi; i = 1;:::;m;
:
:
:
Ab+1 = {a(b+1)1;:::;a(b+1)s}; a(b+1)i = pbm+i; i = 1;:::;s;
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where s= m or m+1 or ... or m+b.
Suppose that l = ∑
b
p=1∑
p
q=1 lpq in which lpq is p+1−q times the number of a
;
(b+1)js such that
(1) a(b+1)j = a(b+1)− p for j = 1;2;:::;m;
(2) aqj ≥ a(b+1)−b;
(3) if q > 1; then a(q−1)j ≤ a(b+1)−b:
Then
(i)if s = m;then
χe(Kp1;p2;:::;pn) ≤ (∑
m
i=1a(b+1)i)+l;
(ii)if s ̸= m;then
χe(Kp1;p2;:::;pn) ≤ (∑
m
i=1a(b+1)i)+(∑
s
i=m+1 ⌈
a(b+1)i
b+1 ⌉)+l:
Proof. By Lemma 2.2, M ≥ b. It is not hard to see that a1j ≤ a2j ≤ ::: ≤ a(b+1)j. Thus
χe(Kp1;p2;:::;pn) = ∑
n
i=1⌈
pi
M+1⌉ ≤ ∑
n
i=1⌈
pi
b+1⌉
= ∑
m
i=1⌈
a1i
b+1⌉+:::+∑
s
i=1⌈
a(b+1)i
b+1 ⌉:
We have
(1) a(b+1)j = a(b+1)− p for j = 1;2;:::;m;
(2) aqj ≥ a(b+1)−b;
(3) if q > 1; then a(q−1)j ≤ a(b+1)−b:
Hence
⌈
a1j
b+1⌉+⌈
a2j
b+1⌉+:::+⌈
aqj
b+1⌉+:::+⌈
a(b+1)j
b+1 ⌉
≤ (q−1)(a−1)+(b+2−q)a
= (q−1+b+2−q)a−q+1 = (b+1)a−q+1
= a(b+1)j + p+1−q:
Therefore lpq is p+1−q times the number of a(b+1)j and the theorem follows.
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